We investigate collective excitations of density fluctuations and a dynamic density structure factor in a mixture of Bose and Fermi gases in a normal phase. With decreasing temperature, we find that the frequency of the collective excitation deviates from that of the hydrodynamic sound mode. Even at temperature much lower than the Fermi temperature, the collective mode frequency does not reach the collisionless limit analogous to zero sound in a Fermi gas, because of collisions between bosons and fermions.
I. INTRODUCTION
Ultracold atomic quantum gases provide intriguing fields of studying versatile phenomena of Bose-Fermi mixtures, such as heteronuclear molecules [1] , Bose and Fermi polarons [2] , degenerate Fermi gas trapped by a Bose-Einstein condensate [3] , and superfluid mixtures [4, 5] . In ultracold atomic gases, a variety of the collective excitations has been studied on, for example, monopole mode of a degenerate Bose gas, [6] , first and second sound in a Bose-Einstein condensate, [7] , zero and first sound in a normal Fermi gas [8, 9] , second sound in a superfluid Fermi gas [10, 11] , sound modes of a Bose-Fermi mixture superfluid [4] . However, collective excitations in a normal Bose-Fermi mixtures have not been studied intensively and extensively. In Bose-Fermi mixtures, since effects of Bose-enhancement and Pauli-blocking simultaneously emerge, there arises the question which property dominates the collective excitation, and how both quantum statistics affect the collective excitation. One can expect interesting features of collective excitation in those Bose-Fermi mixtures, caused by completely different features of quantum statistics.
In this paper, we study the density collective excitation in the normal Bose-Fermi mixture gas, and by tuning temperature, we explore new feature of the collective excitation in normal states, which is different from the hydrodynamic first sound and the collisionless zero sound.
II. MOMENT METHOD
We consider a mixture gas in the normal state composed of the single-component bosonic atoms and single-component fermionic atoms. Bosonic atoms with an atomic mass m B interact with each other with the contact interaction BB . Fermionic atoms with an atomic mass m F do not interact with each other in the case of s-wave contact interaction because of the Pauli-blocking, and a ferminic atom only interact with a bosonic atom with the contact interaction BF . The Boltzmann equations for the bosonic and fermionic distribution functions, f B = f B (p, r, t) and
The potential terms U B,F include the mean-field interaction, given by
is the time-dependent external potentials, and n B,F = n B,F (r, t) are the local number density of the particles. The right hand sides of the Boltzmann equations I B and I F are collision integrals [12] [13] [14] .
We linearize the Boltzmann equations around static equilibrium distribution functions, i.e., the Bose-Einstein and the Fermi-Dirac distribution functions f 0
For the collision integrals, we adopt the relaxation time approximation in the simplest form
Here, f B,F = f B,F (p, r, t) denotes a local equilibrium distribution function, around which we also linearize the right hand sides of these equations. The relaxation time τ B contains two contributions of both intraspecies and interspecies collisions, given by τ −1
where τ BB and τ BF are the mean-collision times for boson-boson, and boson-fermion, respectively. On the other hand, the relaxation time τ F only contains a contribution of the interspecies collision, i.e., τ F = τ BF , because of the Pauli-blocking. For explicit expressions for the collisional relaxation times, see Refs [15, 16] .
To solve the linearized Boltzmann equations, first, we assume plane wave solutions, such as
We expand the distribution function in terms of the spherical harmonics function (we omit the dependences on q and ω for conciseness):
Since we consider the s-wave interaction, we only choose the mode m = 0. We make use of the orthogonality of the spherical harmonics and derive a coupled set of equations for the moments
where ν B,F; l (p) ≡ ν m=0 B,F; l (p). In particular, the zeroth moment ν B,F; 0 is equal to the density deviation from the static equilibrium value δn B,F (q, ω). Solving the coupled moment equations in the case U ext F = U ext B = U ext , we obtain the density fluctuation δn = δn B + δn F in the form δn(q, ω) = χ d (q, ω)U ext (q, ω), which defines the density response function and hence the dynamic density structure function is given by . This regime is unlikely to be achieved, as we discuss later.
In these extreme limits, one can derive analytical expressions for the density response function, and hence determine the collective mode frequency. Of course, there is a region that cannot be categorized into one of the four regimes. In the present paper, we apply the moment method to the Boltzmann equations, which can capture the crossover among the different regimes. The moment method was successfully used to discuss the crossover between hydrodynamic regime and collisionless regime in a two component Fermi gas [8, 9] .
III. RESULTS
We consider the normal Bose-Fermi mixture gas in the quantum degenerate regime. To be in this regime, the Bose-Einstein condensation temperature T BEC and the Fermi temperature T F must satisfy T BEC ≪ T F ≪ 1. For ideal Bose and Fermi gases, T BEC ∝ n 2/3 B /m B and T F ∝ n 2/3 F /m F , where n B and n F are equilibrium densities of bosons and fermions. Thus, one has the relation
In the present paper, we consider the case n B /n F ≪ 1. Figure 1 summarizes the main results obtained by solving the coupled moment equations for a given temperature T , imbalance parameters of population n B /n F and mass m B /m F , interaction strengths of boson-boson BB and boson-fermion BF , and wave numver |q|. In this study, we discuss the temperature dependence of the collective mode, focusing on the frequency, damping rate, and dynamic density structure factor. Figure 1a shows that the dynamic structure factor as a function of the frequency and temperature. We also plot the temperature dependence of the collective mode obtained by solving the eigenvalue equation by setting U ext = 0 in the moment equations. For comparison, we also plot the analytical results for the collective mode frequency in the four limiting cases (I), (II), (III), and (IV) of the linearized Boltzmann equations. It is seen that the peak strength of the dynamic structure factor increases not only in high temperature but also in low temperature (see also Fig. 1d ). In the high temperature, the collective mode frequency obtained from the coupled moment equations coincides in the hydrodynamic regime (I). With decreasing temperature, the collective mode frequency deviates from that of the first sound mode. At low temperature much lower than T F , however, this frequency also deviates from the frequency in the other three limiting cases (II)-(IV) where either or both of bosons and fermions are in the collisionless regime.
The peak of the density dynamic structure factor in the low temperature regime indicates that the long-lived collective mode emerges at T ∼ 0.09T F , which is different from the modes that one can expect from the four limiting cases (I), (II), (III), and (IV).
Indeed, the damping rate of the collective mode takes a minimal at T ∼ 0.09T F , where the peak of the dynamic structure factor increases ( Fig. 1b) . Here, the damping rate is obtained from the imaginary part of the eigenmode frequency of the moment equations. From these aspects, it is remarkable that there is a definite collective mode with the very small damping rate in the low temperature, which is different from four limiting cases we can predict first. We also find that the damping rate increases with decreasing temperature in the low temperature regimes at T 0.09T F . The normal Bose-Fermi gas cannot hold the definite collective mode in the very low temperature regime close to the critical temperature of the Bose-Einstein condensation.
We discuss what the region is for the collective mode, where the definite collective mode emerges at T ∼ 0.09T F , and where the system is close to the critical temperature of the Bose-Einstein condensation. In Fig. 1c , we plot ωτ B,F , which indicates that if ωτ B(F) ≪ 1, the collective mode is in the hydrodynamic regime for bosonic (fermionic) species, and if ωτ B(F) ≫ 1, the collective mode is in the collisionless regime for bosonic (fermionic) species. For the fermions, the collective mode at the high temperature is in the hydrodynamic regime, and that in the very low temperature regime is relatively in the collisionless regime, which is consistent with the normal fermionic system [8, 9] . As in the case of the two-component fermi gas and the Fermi liquid, the collision between boson and fermion is also suppressed in the very low temperature regime, because of the Pauli-blocking of the fermions. For the bosons, the collective mode is in the hydrodynamic regime over the whole temperature range. Although ωτ B increases with the system being in the low temperature regime, we find that ωτ B sharply drops at the temperature very close to the critical temperature of the Bose-Einstein condensates. It indicates that the collective mode near the critical temperature is deeply in the hydrodynamic regime again. This is because at the critical temperature, the Bose distribution function shows the infrared divergence, and the mean-collision time drastically shortens near the critical temperature.
For the long-lived collective mode at the low temperature T ∼ 0.09T F , although the collective mode is in the hydrodynamic regime for bosons where ωτ B ≪ 1, it is in the crossover regime for fermions where ωτ F ∼ 1. According to our knowledge on the normal Fermi liquid theory, the damping rate is very large in the crossover regime. In this sense, this long-lived collective mode around T ∼ 0.09T F is a very interesting excitation in the normal Bose-Femri mixture gas. At the temperature very close to the critical temperature, the system is relatively in the limiting case (III), where the fermions are in the collisionless regime, and the bosons are in the hydrodynamic regime. However, we find that in this regime, the system cannot hold any definite long-lived collective mode from our numerical calculation.
IV. CONCLUSIONS
We studied the dynamic properties of the Bose-Fermi mixtures in normal state are studied by using the moment method. In order to consider the quantum degenerate regime at very low temperature and yet in the normal state, we assumed that a number ratio of bosons to fermions n B /n F is very low. We find that, in the low temperature region much lower than the Fermi temperature, the damping rate takes a minimal as a function of the temperature, and the longlived collective sound mode emerges, which is different from the conventional first and zero sounds. From our numerical calculation, although this long-lived excitation is regarded as the collective mode in the hydrodynamic regime for bosons, it is regarded as the collective mode in the crossover regime between the hydrodynamic and collisionless regimes for fermions.
